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New Types of Instabilities in Liquid
Crystals with Tilted Orientation

S. A, PIKIN, V. G. CHIGRINQV and V. L. INDENBOM
Institute of Crystallography, U.S.S.R. Academy of Sciences, Moscow

(Received August 31, 1967)

We have considered theoretically a new kind of instability formed of rolls perpendicular to
Williams® domains when the molecules are initially tilted with respect to the substrate plane.
The threshold voltage versus the tilt angle, dielectric constants, electroconductivity, viscosity
coefficients and the frequency of an external field is calculated within the framework of the two-
dimensional model. The contribution of electrokinetic processes observed in an isotropic
liquid to the effect under consideration is discussed and the respective estimates for the threshold
are given.

1 DOMAIN STRUCTURE

Williams’ domains is a classic example of the electrohydrodynamic (EHD)
instability in nematics. They are observed as a periodic distortion of the
nematic alignment along an axis X at the initial molecular orientation along
X and the external electric field along Z.! In this case the molecules remain
in the (X, Z) plane and stripes are directed along Y.

There is a possibility for another type of instability if the molecules are
initially tilted (a tilt angle 6) with respect to an axis X in the (X, Z) plane.*?
This new type of instability is connected with the director rotations around
an axis X (X-rotations) or an axis Z (Z-rotations) on small angles (Figure 1).
In this case a distortion is periodic along Y and stripes are directed along X.
The threshold voltage V. depends strongly on the tilt angle 6:V, —» oo at
8 — 0; in the case of X-rotations V. coincides with Williams’ threshold at
6 =m2.*

I BASIC EQUATIONS

The theoretical model, which describes the EHD instability, is the system of
linear equations for pertubations of the director orientation ¥, the electric
potential U, the charge density Q and the flow velocity (V, =0, V, # (),
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(a) (b)

FIGURE 1 Director deviations in the pertubed situation in presence of an electric field along
Z: (a) Z-rotations, (b} X-rotations. In the unpertubed situation the director is tilied parallel
to the (X, Z) plane (y = 0) with § # 0.

V, # 0). These pertubations depend on y, z and the time t. After excluding
the pressure we shall write the acceleration equation for the incompressible
fluid in the form:

. 4>y d*y 5 4V
sin G(az i a7 + Hoy + (23 + ag)sin? 6) e
4 o AV
+ (ot; sin®* 8 + oy + (a5 + o3)sin? 6) R
1 o dYY, d2Q
+ 3lay + (a5 — a,)sin” ) e _EW‘ (1)

where a; are the Leslie coefficients, a3 — o, = y,. The charge density is given
by Poisson’s equation

d*U : d*U L
4nQ + SLd—yZ_ + (e, + (g — &,)sin? 6) e (e — €L)E sin GE—y— )

where (g, &) and (6, 6} are the components of dielectric tensor and the
conductivity tensor, respectively. The equation for the electric current has
the form

dQ . Ay d*U _ d*U
- Yo - o ,)E sin HE)—) = ai—czy—z + (o + (o — o,)sin? 9);12—2 3)
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The equation for a deviation ¥ in case of X-rotations reads

d? 42
ledlg'F(KZZCOS 6+K33S[n G)dlf

_Eg e dU 2 v,
=~ (Esmf)dy-#lﬂE + sin 8 o = +a

dV dys
3y )+ " 4

(in case of Z-rotations the term WE?*(e; — ¢,)/4n is absent). The velocity
component V, is excluded from Eq. (4) due to the equation of incompress-
ibility:
dv, dv,
dz + dy

One has to consider the boundary conditions together with Eqgs. (1)~(5).
We have at z = +1/2 (1 is the layer thickness):
dv,

V, =0, =0, U=0. (6)
dz

=0 (5)

We shall write the boundary conditions for ¢ taking into account the finite
anchoring energy W:

f;p + Wy =0, K= +(K;;c0820 + Ky3s8in?6) atz= 112 (7)

I RESULTS IN CONSTANT FIELD

At low frequencies the threshold characteristics (the period d, along Y and
the voltage V) are found exactly by the computer calculations of the boundary
problem, Egs. (1)-(7). The exact solution of this problem have the form

4
W, V,. V., U) ~ expligy) Y. a; cos(p;z), 8)
i=1

where the wavelengths p;(¢, V) are chosen according to the Egs. (1)~(5).
The threshold voltage is a minimum V = V, at g = g, on the curve V(g),
which is obtained by inserting the solutions (i, V,, V,, U) into Eqgs. (6) and (7).

At strong anchoring (W » K/1) we have p ~ 7/l and g, > p. In this case
one can estimate V, = E. 1 and d. = n/q,:

4n3i2

z(asin29-’r c)

L~ asin? 0 + ¢ \!7?
e ™ 2bsin? 60 + g)/

KY2(b sin? 6 + g)'/?,
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If we have X-rotations ( is not very small) the constants a, b, ¢, g are given by

o\ « o
a= 2<a“ - SLO'—l_:_) 0‘_:, — (g — sl)<}il' - 1),

9 o _ _
b= <8.L s, E“> + 2<O'_L 1 (8” 8_]_), (]0)

Og

o
fl

o
g — &, g=(£“—£l)<;|—i+2>.

In case of Z-rotations (or ¢, = &) we have ¢ = g = 0 and

4312

~ —— (bK,)?
asinO( 1)

<
i.e. the threshold voltage is infinite at 6 = 0.

The estimations Eqgs. (9) and (10) show that V, is determined basically by
the dielectric anisotropy Ae = &, — ¢, , the surface energy W (per unit area)
and the tilt angle 6. The Leslie coefficient a; is important at Ae = O only
(V, ~ |a3] "1 in this case). At weak anchoring and Ae # 0 it is necessary to

V)
100 Wt
K
50
100 -
50
0 25 5 75 ql/%

FIGURE 2 Typical voltage versus wave-vector of static distortions (X-rotations), when
K, =0677.107° K,,/K,, =081, K33/K,; =122, 1 =20 pm, &, = 007, a, = —1.112,
ay = 002, 0, = 084, a5 =046, ¢ = 52,6, = 525, /0, = 1.5 cgs units.
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V. (V)
T 200
Z-rotations ————¢
T ~0012 = o
-0.015
X - rotations -0.02
1 1 A 1 Il
Af, -0.4 -0.2 0 30 €0 g0 B(deq)

FIGURE 3 Threshold voltage for X-rotations versus tilt angle. Threshold voltage versus
dielectric anisotropy: upper curve for Z-rotations; lower curve for X-rotations (6§ = 30 deg,
oy = —0.02 cgs units). The rest constants are the same as in Figure 2.

take into account the field effects. At 6 = =/2 the Egs. (9) give estimates of
the threshold for a homeotropic texture with Ag > 0.

The results of computer calculations for small frequencies are shown in
Figures 2 and 3. Figure 2 shows that the existence of threshold for the static
distortions depends on W. The dependence of the threshold ¥, on the param-
eters A¢ and 6 are shown in Figure 3. One can see that the threshold depends
strongly on the coefficient a5 at |A¢| < 1. The threshold for the static X-
rotations exists only at certain values of Ae. The threshold V; calculated at
6 = n/2, Ae = 0, W ~ 10° and g, = 14n/1 coincides with the experimental
value 93V.*

IV TIME DEPENDENT MODEL

The variation of the threshold V, with frequency f is determined as in case
of the chevron regime.’ The equations are transformed into equations for
the curvature ¢ = dy//dy and for the charge Q:

o _ ¢  QF _

E—T*+ " 0,

p (11)
—Q+Q+G*E¢=O,

dt T
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where it is assumed that g. » p; v = (¢, /4nc, ) describes dielectric relaxation

) £
o* = sin 0<aH — 0, i)
€L

is the effective conductivity,

L}

L)

 sin 01 — (g)/e) — 2az/os)

1’]:

is the effective viscosity,

__az

g E? .
K“q2+(si—- )Z;(sl-f-(a” —g,)sin? B
1

T* =

is the relaxation time for molecular orientation. The dependence E(q) is
obtained here from the condition of periodicity for the functions Q and ¢.
The threshold characteristics are found for the step-like electric field:

E() = E atto <1<ty +(T)2)
T |—-E atto +(T/)<t<to+ T

The dependence of V, on f = 1/T calculated for p = n/l and p =0 is
depicted on Figure 4. Evidently the value p = n/1 corresponds to a strong
anchoring® and the value p = 0 corresponds to a weak anchoring. At high
frequencies the curves 2 and 3 are close, i.e. the influence of the boundary

!

2

3
300 [
200 F

{
{00 F
1 1 L — /2
1
0 5 10 5 fVQ(Hz )

FIGURE 4 Threshold voltage versus frequency. Curve 1: 8 = 30 deg, 5| = 4.75, &, = 5.25,
p=m/l;curve 2: § = 90 deg, &) =&, = 525, p = n/l; curve 3: 8 = 90 deg, ¢; = £, = 5.25,
p = 0.Therest constantsare: K, = 0.677.1075, K,, = 0.5.107%, K3, = 0.826.107 5,1 = 20 um,
opfo, = 14,0y =90, 0, =007, 2, = —0.78, 25 = ~0.012, &, = 0.84, 5 = 0.46 cgs units.
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conditions is decreasing. These curves describe the dielectric regime in
which the proportionality V, ~ q. ~ f'/? takes place. Such frequency
dependence was observed experimentally for the new type of EHD insta-
bility in MBBA.?

The instabilities described above which occur only in anisotropic liquids
have in general a more complex character due to well-known electro-
convective effects observed in an isotropic liquid too. The role of these effects
depends on internal parameters of the substance. In particular a liquid crystal
must be considered as an electrolite with typical electrokinetic processes.
It is possible to estimate the contribution of these processes to the effect
under consideration, taking into account an inhomogeneous distribution
of the volume charge Q, before an instability. In case of weak electric currents
such distribution has the form:’

490 _ _,p (12)
dz

where v ~ ¢/D, D is the average diffusivity, ¢ is the average electrocon-

ductivity. Thus the second part of Eq. (11) has the additional term

VdQy/dz) = —VEV,

which is very important if v > (Ao -y,/K), Ac = o, — 0. In the last case
the main cause of the instability is a destruction of the distributions Q,. The
qualitative consideration which is similar to Eq. (11) (where the first equation
is absent now and V, = «; 'Eq*q® + p*)~? in the second one) shows that
the instability threshold is

16moa, p?
2 4
Ee= &v

Here p ~ n/h; at low frequencies (w = 2nf < 4no/e) h is the thickness of
electric double layer or the Debye radius, ie. h* ~ (Dg/4na); at higher
frequencies (w > 4no/e) h is the diffusion length, i.e. h* ~ D/cw.

At certain parameters of a substance the new type of EHD instability has
the lower threshold?® than the familiar Williams’ domains and chevrons. The
type of instability considered above is also possible in smectics C. The
experimental data confirm this. In smectics C the threshold voltage must
increase near the temperature of the phase transition smectic C = smectic A.
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