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N e w  Types of Instabilities in Liquid 
Crystals with Tilted Orientation 
S .  A. PIKIN, V. G. CHIGRINOV and V. L. INDENBOM 
Institute of Crystallography, U.S.S. R. Academy of Sciences, Moscow 

(Rewired Au,yusI 31, 1967) 

We have considered theoretically a new kind of instability formed of rolls perpendicular to 
Williams' domains when the molecules are initially tilted with respect to the substrate plane. 
The threshold voltage versus the tilt angle, dielectric constants, electroconductivity, viscosity 
coefficients and the frequency of an external field is calculated within the framework of the two- 
dimensional model. The contribution of electrokinetic processes observed in a n  isotropic 
liquid to the effect under consideration is discussed and the respective estimates for the threshold 
are given. 

1 DOMAIN STRUCTURE 

Williams' domains is a classic example of the electrohydrodynamic (EHD) 
instability in nematics. They are observed as a periodic distortion of the 
nematic alignment along an axis X at the initial molecular orientation along 
X and the external electric field along 2.' In this case the molecules remain 
in the ( X ,  2) plane and stripes are directed along Y. 

There is a possibility for another type of instability if the molecules are 
initially tilted (a tilt angle 0) with respect to an axis X in the (X, Z) plane.233 
This new type of instability is connected with the director rotations around 
an axis X (X-rotations) or an axis 2 (2-rotations) on small angles (Figure 1). 
In this case a distortion is periodic along Y and stripes are directed along X. 
The threshold voltage V,  depends strongly on the tilt angle 8 :  V,  + co at 
B ---* 0; in the case of X-rotations V ,  coincides with Williams' threshold at 
e = n/2.4 

II BASIC EQUATIONS 

The theoretical model, which describes the EHD instability, is the system c if 
linear equations for pertubations of the director orientation $, the electric 
potential U ,  the charge density Q and the flow velocity (V' = 0, V, # 0, 
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314 S. A. PIKIN, V. G .  CHIGRINOV AND V. L. INDENBOM 

FIGURE 1 Director deviations in the pertubed situation in presence of an electric field along 
Z: (a) Z-rotations, (b) X-rotations. In the unpertubed situation the director is tilted parallel 
to the ( X ,  Z)  plane (II, = 0) with 0 # 0. 

V,  # 0). These pertubations depend on y ,  z and the time t .  After excluding 
the pressure we shall write the acceleration equation for the incompressible 
fluid in the form : 

d"a/, + #a4 + (t13 + @in2 e) - 
d y  dt  dY4 

d4 v, + (a1 sin4 Q + a4 + (as + u3)sin2 0) I_ 

dy2dz2 

+ &a4 + (us - a2)sin2 0) - d4V, = - E  7 ,  d2Q ( 1 )  
dz4 dY 

where uj are the Leslie coefficients, u3 - g 2  = y l .  The charge density is given 
by Poisson's equation 

d2U d2  U d* 
dY dz2 dY 

4nQ + E,  7 + ( E ~  + (ell - &,)sin2 8) - = (ell - E ~ ) E  sin 8 - ( 2 )  

where (el, and (el, all) are the components of dielectric tensor and the 
conductivity tensor, respectively. The equation for the electric current has 
the form 
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NEW INSTABILITIES IN LIQUID CRYSTALS 315 

The equation for a deviation $ in case of X-rotations reads 

(in case of Z-rotations the term $ E 2 ( q  - ~J471 is absent). The velocity 
component Vy is excluded from Eq. (4) due to the equation of incompress- 
ibility : 

One has to consider the boundary conditions together with Eqs. (1)-(5). 
We have at z = 1/2 ( 1  is the layer thickness): 

(6 )  

We shall write the boundary conditions for $ taking into account the finite 
anchoring energy W :  

d* K - + W$ = 0, K = f ( ~ ~ ~  cos2 8 + K , ~  sin2 e) at z = *1/2 (7) 
dz 

111 RESULTS IN CONSTANT FIELD 

At low frequencies the threshold characteristics (the period d, along Y and 
the voltage V,) are found exactly by the computer calculations of the boundary 
problem, Eqs. (1)-(7). The exact solution of this problem have the form 

4 

( $ 5  V y ,  V, ,  U - exp(iqy) 1 aj cos(Pjz), (8) 
j =  1 

where the wavelengths p j ( q ,  V )  are chosen according to the Eqs. (1)-(5). 
The threshold voltage is a minimum V = V,  at q = qc on the curve V(q),  
which is obtained by inserting the solutions (I), V,,, V,,  U )  into Eqs. (6) and (7). 

At strong anchoring (W % K/1) we have p - n/l and q, $- p .  In this case 
one can estimate V,  = E,  1 and d, = n/q,: 

4x3'2 

(a sin' 8 + c) K %  K: i2 (b  sin2 6 + g)lI2, 

(9) 
a sin' 8 + c 

2(b sin2 8 + 9)  
d, x I( 
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316 S. A. PIKIN, V. G .  CHIGRINOV AND V. L. INDENBOM 

If we have X-rotations (0 is not very small) the constants a, b, c,  g are given by 

In case of Z-rotations (or E~ = &II) we have c = g = 0 and 

4n3f2 qz-- Q sin 0 (bK11)1'2, 

i.e. the threshold voltage is infinite at (3 = 0. 
The estimations Eqs. (9) and (10) show that V,  is determined basically by 

the dielectric anisotropy AE = ql - el, the surface energy W (per unit area) 
and the tilt angle 8. The Leslie coefficient a3 is important at A& % 0 only 
(V ,  - I ct3 I in this case). At  weak anchoring and A& # 0 it is necessary to 

FIGURE 2 Typical voltage versus wave-vector of static distortions (X-rotations), when 
K l 1  = 0.677.10-6, K, , /KII = 0.81, K , , / K , ,  = 1.22, 1 = 20 pm, a1 = 0.07, a2 = -1.112, 
aJ = -0.02, rt4 = 0.84, a, = 0.46, E , ,  = 5.2, E~ = 5.25, ull/ul = 1.5 cgs units. 
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NEW INSTABILITIES IN LIQUID CRYSTALS 317 

AE -0.4 -0.2 0 30 60 90 Wdeg) 

FIGURE 3 Threshold voltage for X-rotations versus tilt angle. Threshold voltage versus 
dielectric anisotropy: upper curve for 2-rotations; lower curve for X-rotations (0 = 30 deg, 
ct3 = -0.02 cgs units). The rest constants are the same as in Figure 2. 

take into account the field effects. At 8 = 742 the Eqs. (9) give estimates of 
the threshold for a homeotropic texture with A& 2 0. 

The results of computer calculations for small frequencies are shown in 
Figures 2 and 3. Figure 2 shows that the existence of threshold for the static 
distortions depends on W. The dependence of the threshold V,  on the param- 
eters AE and 6 are shown in Figure 3. One can see that the threshold depends 
strongly on the coefficient a3 at I A E ~  6 1. The threshold for the static X- 
rotations exists only at certain values of A&. The threshold V,  calculated at 
9 = 7~12, At = 0, W - lo3 and qc = 14x11 coincides with the experimental 
value 93 V.4 

IV T I M E  DEPENDENT M O D E L  

The variation of the threshold V ,  with frequency f is determined as in case 
of the chevron regime.5 The equations are transformed into equations for 
the curvature 4 = d$/dy and for the charge Q :  

d4 4 Q E  -= -  + - - 0 ,  
dt  T* q 

dQ Q - + - + a*Ed = 0, 
dt 7 
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318 S. A. PIKIN, V. G .  CHIGRINOV AND V. L. INDENBOM 

where it is assumed that qc 9 p ;  T = (~,/4m,) describes dielectric relaxation, 

CT* = sin 8 ( uIl  - c:) 

is the effective conductivity, 

is the effective viscosity, 

is the relaxation time for molecular orientation. The dependence E(q)  is 
obtained here from the condition of periodicity for the functions Q and 4. 
The threshold characteristics are found for the step-like electric field : 

E at to I t < to  + (T/2) 
- E  at to  + (T/2)  I t < to + T 

E ( t )  = 

The dependence of V,  on f = 1/T calculated for p = n/l and p = 0 is 
depicted on Figure 4. Evidently the value p = n/l corresponds to a strong 
anchoring6 and the value p = 0 corresponds to a weak anchoring. At high 
frequencies the curves 2 and 3 are close, i.e. the influence of the boundary 

FIGURE 4 Threshold voltage versus frequency. Curve 1 : B = 30 deg, cIl = 4.75, cL = 5.25, 
p = n/l ; curve 2: 8 = 90 deg, E~~ = E~ = 5.25, p = n/l ; curve 3: 6 = 90 deg, cI1 = E~ = 5.25, 
p = O.Therestconstantsare:K,, = 0.677.10-6,K22 = 0.5.10-6,K3, = 0.826.10-6,1 = 20pn-1, 
all/a, = 1.4, all = 90, a ,  = 0.07, a2 = -0.78, a3 = -0.012, a., = 0.84, a5 = 0.46 cgs units. 
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NEW INSTABILITIES IN LIQUID CRYSTALS 319 

conditions is decreasing. These curves describe the dielectric regime in 
which the proportionality V ,  - qc - f 1 I 2  takes place. Such frequency 
dependence was observed experimentally for the new type of EHD insta- 
bility in MBBA.3 

The instabilities described above which occur only in anisotropic liquids 
have in general a more complex character due to well-known electro- 
convective effects observed in an isotropic liquid too. The role of these effects 
depends on internal parameters of the substance. In particular a liquid crystal 
must be considered as an electrolite with typical electrokinetic processes. 
I t  is possible to estimate the contribution of these processes to the effect 
under consideration, taking into account an inhomogeneous distribution 
of the volume charge Qo before an instability. In case of weak electric currents 
such distribution has the form:' 

where v - a/D, D is the average diffusivity, a is the average electrocon- 
ductivity. Thus the second part of Eq. ( I  1) has the additional term 

which is very important if v % (Au.y,/K), Au = (T,, - uI. In the last case 
the main cause of the instability is a destruction of the distributions Q o .  The 
qualitative consideration which is similar to Eq. (1 1) (where the first equation 
is absent now and V ,  = tl;'Eq2(q2 + p 2 ) - 2  in the second one) shows that 
the instability threshold is 

16nuix,p2 
E f  = 

EV 

Here p - n/h; at low frequencies (LO = 271f < 471.0,'~) h is the thickness of 
electric double layer or the Debye radius, i.e. hZ - (D~/4nu); at higher 
frequencies (LO > 4 n a / ~ )  h is the diffusion length, i.e. h2 - D / o .  

At certain parameters of a substance the new type of EHD instability has 
the lower threshold3 than the familiar Williams' domains and chevrons. The 
type of instability considered above is also possible in smectics C. The 
experimental data confirm this. In smectics C the threshold voltage must 
increase near the temperature of the phase transition smectic C + smectic A. 
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